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Mo^eJIH BblHHCJieHHH, 
OCHOBaHHbie Ha BSaHMO^eHCTBHH 

Heo(|)Hi],HajibHbiH nepeBOfl) 
8 anpeji5i 2013 r. 



^_J I AHHOTau,Ha 



^aHHbiii TeKCT npeflCTaBjiHeT co6oh nepeBO/i; na pyccKiift hsmk ceflbMOH rjiasbi 

yHe6HHKa no Mo^ejiHM BbiHHCJieHHH [1]. B btoh rjiaee HsynaioTCH cbth BsaHMO^eit- 

CL|| CTBHa — Mo^ejib BbiHHCjieHHii, KOTopyio MOJKHO paccMaTpHBaTb KaK npe/],CTaBHTejia 

■^ ■ Kjiacca Mo^ejieii, ocHOBaHHbix na n^ee «BbiHHCJieHHH nepes BsaHMOflelicTBHe*. Ccth 

ly-v , B3aHMo;];eHCTBHH sBjiaroTca spacfJuuecKoil MOflejibro BbiHHCjieHHH, BBe/^eHHoii b [2] 

KaK o5o6n],eHHe CTpyKTyp floxasaTejibCTB jiHHeftHOH jiornKH. ^aHHbift (JjopiviajiHSM 

HcnojibsyeTCH j^jiz onncaHHa ajiropHTMOB h anajinaa hx cjiojkhocth, a TaKJKe KaK 

H3biK HHSKoro ypoBHH, B KOTopbiH MOJKHO KOMnHjinpoBaTb flpyriie H3biKH nporpaM- 

MHpOBaHHH. Oco6eHHO HHTepeCHbl CeTH B3aHMO/I,eitCTBHa TeM, HTO OHH MOryT 6bITb 
O ' peajIH30BaHbI C pa3yMHOH BcJjcJjeKTHBHOCTbro. 

CncTeMbi ceTeii B3aHM0fleHCTBHH onpe^ejiHioTca pfiyun MHOJKecTBaMH: Ha6opoM 

CN ! azenmoe h Ha6opoM npaeuA eaauModeiicmeun. ArenTbi nrparoT pojib jiornnecKHX 

'^ I CHMBOJiOB, a npaBHjia B3aHMO/],eHCTBHa onpeflejiaroT iix cmbicji. TaKJKe B03M0JKHa 

f~^ ' anajiorHH c 3jieKTpHHecKHMH Li;enaMH, r^e areHTbi nrparoT pojib ysjioB u;enH, a CBa3H 

Cn , MeJK^y areHTaMH cjiy»caT bbtbhmh, coe/iHHHromHMH y3jibi. HaKOHen;, mm MOJKeM 

npOCTO CHHTaTb areHTbi neKOTOpblMH o5'beKTaMH, BbinOJIHHIOIIl,HMH BblHHCJieHHS, 

^^ . npH 3TOM npaBHjia B3aHMO/];eHCTBHH onHCbiBaroT hx noBefleHHe. 

^.f-^ . 3flecb flaeTCH o5ii];ee npeflCTaBjieHHe o napaflnrMe B3aHMo;i;eHCTBHH, npHBOflHTca 

npHMepbi Hcnojib30BaHHH ceTeft B3aHMO/];eHCTBHH jiJisi npeflCTaBjieHHH ajiropHTMOB, 



a TaKJKe noKa3biBaeTCH, KaK /ipyrne Mo^ejiH BbiHHCJieHHH npeflCTaBjiHroTCH b BH^e 
ceTeii B3aHMo;],eHCTBHa. 

1 napa/],HrMa BsaHMO^eiiCTBHa 

CncTeMt.! cexeit BaaHMOflettcTBHa onpeflejiaioTCJi MHoacecxBOM E chmbojiob, hs Koxopbix 
cexb Moacex cocxohxb, h MHoacecxBOM 7^ xax Ha3t.iBaeMt.ix npaeuA eaauModeucmeuH — 
npaBHji nepesanHCH ^Jia cexeti BsaHMO^eficxBHa, y^oBjtexBopHiotn;HX onpe^ejieHHbiM ycjio- 

BH3M, o6cy>K^aeMt.IM HHJKe. 

KaJK^biH CHMBOJi a E S 6y;i,ex hmcxb neKoxopyio ((|)HKCHpoBaHHyio) apHocmt — 
HaxypajiBHoe hhcjio (c nyjieM). YcjioBHMca, hxo bhc saBHCHMOcxn ox paccMaxpHBaeMoro 
MHOJKecxBa E (|)yHKii,H3 Ar : Z" — > N 6y;i,ex BoaBpamaxb apnocxb, cBHsaHHyio c flaHHbiM 

CHMBOJIOM H3 E. 

Bojiee xoHHo cexH onpe;i,ejiaioxca cjieflyiotu;HM o6pa30M. 



Onpe/],ejieHHe 1 (cexb) . JXns ;];aHHoro MHoacecxBa E cemt N HBjiHexcji opneHTHpoBaH- 
HbiM rpacJiOM (rpacj) He oGaaaH 6t>iTb cBasHbiM), b KoxopoM BepmHHbi noMeneHbi chmbo- 
jiaMH H3 S. HoMeHeHHaH xaKHM oGpasoM BepniHHa HasbiBaexcH asenmoM; ;];yra ueyKpy 
flfiyus arenxaMH nasbiBaexcH ce^stw, x. e. cexn cocxohx h3 arenxoB h cBHseil. 

ToHKH npHcoe;];HHeHHH cBHseii k arenxaM naabiBaioxcH nopmaMU. Ecjih arenx a HMeex 
apHocxb n, xo K&yKji&s BepniHHa, HOMeneHHaa a ^^ojixcna HMexb n + 1 nopxoB: o^hh 
nopx HasbiBaexcH eAaenuM, a ocxajibHbie n — donoAHumeAhHUMu nopxaMH. KojinnecxBo 
;];onojiHHxejibHt>ix nopxoB KajK^oro arenxa paBHO apnocxn cooxBexcxByiomero CHMBOjia. 

IIpHHHMaH BO BHHMaHHe opHeHXHpoBaHHocxb rpacjia, npoHyMepyeM nopxbi ripoxHB 
HacoBOH cxpejiKH, HaHHHaH c rjiaBHoro nopxa. Ecjih Ar(a) = n, xo arenx mojkho h3o6- 
pasHXB cjie;i;yioiri;HM o6pa30M. 
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Ecjih At {a) = 0, xo arenx a ne 6y;i;ex iimcxb ;i;onoj[Hiixej[bHt>ix nopxoB, ho Ka>K;i;t>iH arenx 
Bcer;i;a iiMeex rjEaBHbiii nopx. 

B cexH B3aHMo;i;eHCXBH5i ^yrn coe;i;nnjiiox arenxoB bmccxc xaK, nxo na KaJK^bin nopx 
npnxoflHXCH ne Gojiee o;i;noH Ayrn, npn sxom ;i;yrH xaxjKe Moryx coeflHHSxb nopxbi o;i;noro 
H xoro ace arenxa. nopxbi arenxa, Koxopbie ne CBHsanbi c KaKHM-jrnGo ;i;pyrHM nopxoM 
B cexH, nasbiBaioxcH ceo6odHUMU. Cxonx o6o3nannxb ^Ba ocoGbix Bn^a cexen. Cexb mo- 
JKex cocxoHXB HCKjiionnxejibno ns cbhsch (6e3 arenxoB); xaxne cexn mbi 6y;i;eM nasbiBaxb 
cucmeMaMU censeu, npnncM Konn;L.i ^yr b sxom cjiynae mbi xaKxce 6y;i,eM nasbiBaxb nop- 
xaMH. Ecjih b chcxcmc cbhsch HMeexca n flyr, xo ona co^epjKHX 2n CBo6o;i;nL.ix nopxoB. 
Ecjih jkc cexb ne co;i;ep>KHX nn arenxoB, nn CBHseii, xo mbi 6y;i;eM nasbiBaxb ee nycmou 
cerribjo. HaKonen;, unmepcpeucoM cexn nasoBCM MnojKecxBO ee CBo6o;i;nbix iiopxoB. 

Onpe^ejieHHe 2 (npaBHjio BsanMo^^encxBHJi). Ilapa arenxoB (a, P) E S x U, coe^nnen- 
nbix BMecxe cbohmh rjiaBnbiMH nopxaMn nasbiBaexcji aKmuenou napou; mbi 6y;i;eM o6o- 
snanaxb ee KaK a\xi p. AKXHBnbie napt>i HBjiaioxcH anajioraMH pe^excoB b A-HcnHCJiennn. 
Upaeujio eaauModeucmeuH aixi /3 ^ N bTZ cocxohx hs aKXHBnoii napt.i cjieBa n cexn 
A^ — cnpaBa; npn sxom npaBnjia BsanMo^eiicxBHSi ^oji>Knt>i y^oBjiexBopaxb cjie^yiomnM 
^ByM cnjibnL.iM ycjiOBHHM. 

1. B npaBHjie B3anMo;i;eHCXBnH jicBaa n npaBaa nacxn ;i;oji>Knt.i hmcxb o^nn n xox 
yKe nnxepcjienc, xo ecxb BsanMo^encxBne coxpansex Bce CBoGoflHbie nopxbi. 3xo 
CBOHCXBO MOJKno npoHjijiiocxpHpoBaxb na cxcMe. 
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SaMexHM, HTO cexb A^ caivia MOJKex co^epxcaxb areHTbi an/?. TaKxce A^ Moxcex 
6t.iTb cHcxeMoii cBHseii, ecjin tojibko cyMMapnoe KOJiHHecxBo cBo6o;];Ht>ix nopxoB 
B aKTHBHOH nape 6t>ijio neTHbiM. B cjiynae aKTHBHofi napt>i BOBce 6e3 cBo6o;];Ht>ix 
nopTOB A^ MoaceT (ho He o6a:3aHa) 6t>iTb nycTofl ceTtio. 

2. MnoacecTBo TZ Moxcex coflepxcaxb ne Gojiee o^Horo npaBHjia j\ji^ Kaacfloii neyno- 
pa^^oHeHHOH napt.1 arenxoB, to ecTb tojibko ojxro npaBHjio ^jih a [xi /3, KOTopoe 
coBna;i,aeT c ripaBHjioM j\ji^ fi \x\ a. 

HpaBHjia B3aHMo;];eHCTBHH nopoac^^aiox oxHomeHHe peflyKii;HH na cexax. 

Onpe^ejieHHe 3 (pe;];yKn;HH). Illar pe^yKn;HH no npaBHjiy a ixi /3 — )■ A^ saMenaex o^- 
ny H3 aKXHBnbix nap a cxi /3 cexbio A^. Bojiee xonno, oxnomenne pedyK%uu W — )■ W 
MeyKjx^ cexHMH W n W HMeex Mecxo, ecjin cexb W co^epjKHX axxHBnyio napy a cxi /9 
H MnoJKecTBO TZ co^epjKHX npaBHjio BsaHMO^^encxBHH a [xi /3 — )■ A^, xaxyio, nxo cexb W 
nojiynaexcH saMenoii aKXHBnon napt>i a ixi /3 b cexn W cextio A^ (nocjie xaKon saMenbi 
ne noHBjiaexcH «BHCHn];nx» jx^t, xaK KaK A^ HMeex xox ace nnxepcjienc, nxo n a ixi /3). 

Pe(|)jieKCHBnoe xpansnxHBnoe saMbiKanne oxnomenna peflyKn;HH oGosnannM «—)■*». 
/],pyrnMn cjioBaMH, mbi nnmeM N ^ N', ecjin A^' Moxcex Gbixb nojiynena ns A^ peflyKixmem 
o^noH aKXHBnon napt.1, a A^ — )■* A^' osnanaex, nxo cyn^ecxByex nocjie;];oBaxejibHOCTb ns 
nyjiH HjiH Gojiee maroB BaanMo^encxBnH, npnBo^amnx cexb A^ k B^py N'. 

BooGme roBopH, ne xpeGyexca, nxo6t.i nMejiocb npaBnjio BsanMo^^encxBna j^jis jim- 
6oH napbi arenxoB, no ecjin cexb co^^epxcnx axxnBnyio napy, ^jih Koxopon nex npaBnjia 
BsanMOflCHCXBHa, xo 3xa napa ne 6y;];ex pe;];yn;HpoBaxbC5i (ona Gy^ex saBAOKupoeaHo) . 

SaMexnM, nxo nnxepcjienc cexn ynopsidoHeH. Hcnojibsyji sxo cbohcxbo, mbi Moxcex na- 
GaBHXbCH ox oGosnanennil jxjis CBo6o;];nt>ix nopxoB. HanpnMep, npaBnjio BsanMOfleiicxBHa 
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coe;];nnHex Xi c yi n X2 c |/2j "^to SKBnBajienxno cjie;];yion];en cxeMe. 
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OflnaKO, B nocjieflfiem aanncn cyn];ecxBent.i Mexxn na Konn,ax CBo6o;];nt>ix nopxoB, xaK KaK 
Mbi nsMennjin nx nopa^^oK. B ^^ajiBHettmeM mbi Bcer^a 6y;];eM coxpannxb nopn^oK cbo- 
GoflHbix nopxoB npn sanncn npaBnji BsanMo^encxBHa, nxo6t>i nsGexcaxb neoGxoflHMOcxn 
B MexKax jiJis nnxepcJiencoB. 

Cexb BsanMo^encxBna naxo^nxcH b hoahou HopMaAhuou (fjopjvie (o6t>inno mbi Gy^eM 
HasbiBaxb ee npocxo HopMaAhHoii (fiopMou), ecjin b nen nex aKxnBnbix nap. OGoanannM 
nepes A^ J, A^' xox 4)aKX, nxo cyn];ecxByex Konennaa nocjie;];oBaxejibnocxb BsanMo^^encxBHii 
]\f _).* ]\f'^ xaKaa, nxo A^' naxo;];nxcH b nopMajibnon 4)opMe. Ecjin A^ J, A^', xo cexb A^ 
Gy^eM nasbiBaxb HopMaAuayeMou; ecjin xce Bce nocjie^oBaxejibnocxn B3anMo;i,eHCXBHH, 
nannnaiontneca c cexn A^, Konennbi, xo A^ — cuAtHO HopjuaAusyeMa. 



OflHHM H3 npHMblX CJie^CTBHH Onpe^^ejieHHH CHCTCM B3aHMO;];eHCTBH}I, B HaCTHOCTH 

orpaHHHeHHH, HaKjia;];t>iBaeMt>ix na npaBHjia BsaHMo^^eiicTBHH, HBjiHexcH cjie;];yioiri;ee no- 
jiesHoe CBOHCTBO pepyKixmrn na cexHX BsaHMO^^eficTBHH. Ecjih bosmojkhbi j^Be pasjiHHHbie 
peflyKn;HH cexn N {t. e. N ^ Ni n N -^ N2), to cymecTByex cctb M, xaxaH, hto o6e 
cexH A^i H N2 Moryx 6t>iTb pe;];yn;HpoBaHL.i k M sa oduH tuas: Ni ^ M a N2 ^ M. 

3tO CBOHCTBO, HHOr^a HaSblBaCMOe CUAhUOU K0H(f)AK)3HmH0Cmbm HJIH CBOHCTBOM poM- 

6a, cHJiBHee koh(|)jik)3hthocth; hs Hero cjie^yex kohcI^jhoshthoctb. TaKHM o6pa30M, mbi 
HojiynacM cjie;];yion];HH pesyjiBTax. 

yTBep:»cfleHHe 4. HycTB A^ — cctb b chctcmc BsaHMo^^eiicTBHa (17,7^). 

1. Ecjih N \, N' , to cctb A^ chjibho HopMajiHsyeivia, t. e. jiioGbic Hocjie^^oBaxejiBHocTH 
pe^yKH;HH, nanHHaioniHecH c A^, saBepmaioTca. 

2. Ecjih N ]^ N' m N \. N", to A^' = A^" (HopMajibHbie (|)opMbi yHHKajibHbi) . 

HpeflCTaBHM ^Be npocTbie, ho BaxcHbie oHepaH;HH na ccthx BsaHMo^eHcxBHH. 

IIpHMep 5. Hain;e ;];pyrHX paccMaxpHBaioTca ydaAfimvut^uu arenx e, KOTopbifl wpuBojxm: 
K yjx&jieBMio jiio6bix arenxoB, c KoxopbiMH oh BsaHMo^eflcxByex, h dy6AupyK)Vui,uu arenx 5, 
KoxopbiH, Hao6opox, ;];y6jiHpyex jiioGoro arenxa, c KoxopbiM oh BsaHMOflettcxByex. Tonnee, 
npaBHjia BsaHMo^^eficxBHa j\ji^ sxhx jXBy:K. arenxoB BbirjiH^^Hx cjie^yiomHM oGpasoM. 
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Ha KSJKflpVi H3 jXBy^ cxeM Bbime chmbojiom a oGosnanaexcH hpohsbojibhbih arenx h3 E, 

HOSXOMy OHH Hpe^CXaBJIHIOX C060H 0;];HOBpeMeHHO HeCKOJIBKO IipaBHJI BSaHMO^eHCXBHH. 

HepBaH cxeMa onpe^ejiaex BsaHMo^eiicxBHe aKXHBHoii napti e ixi a, a Bxopaa — 5 \Xi a. 

HepBoe npaBHjio OHpe;];ejiHex BsanMo^^eiicxBHe Mexc^y npoHSBOjibHbiM arenxoM a h 
y;];ajiHioin;HM arenxoM e Kax y^^ajienne a 11 cos^^aniie y^ajiHiomiix arenxoB na Bcex cboGo^- 
Hbix nopxax a. SaMcxiiM, hxo ccjih a iiMeex nyjicByio apnocxb, xo npaBasi nacxb npaBiijia 
6y;];ex nycxoii cexbio; b sxom cjiynae npon;ecc y^^ajiennH saBepmaexcH. HacxHbiM cjiynacM 
HBjiHexcH B3aiiMo;];eiicxBiie ^Byx y;];aji5iioiri,iix arenxoB, Kor^a a ecxb caM e. 3xh npaBiijia 
oGecneHHBaiox MexaniisM xax HasbiBaeivioii «c6opKH Mycopa» j\ji^ cexefl BsaiiMo^^ettcxBHsi. 

Bo BxopoM npaBiijie mbi bvij^mm, hxo arenx a ^yGjinpyexcH, npii sxom na Bcex cbo- 
6o;];hbix nopxax a co3;];aioxcH ^yGjiiipyiomiie arenxBi 5, KoxopBie xaxiiM o6pa30M Moryx 
npo^ojiJKiixB ^y6jiiipoBaxB ocxajiBHyio nacxB cexii. 



2 Mncjia h apH4)MeTHHecKHe onepaii,HH 

HaxypajibHbie HHCJia Moryx 6t>iTb npe;];cTaBjieHt>i c noMombio nyjiH h 4)yHKn;HH cjieflpBa- 
HHH 5". HanpHMep, HHCJiy 3 cooTBexcTByeT Bt>ipa>KeHHe S{S{S{0))). Tenepb paccMoxpHM 
onpeflejieHHe cxaHflapTHOH onepan;HH cjioxceHHa: 



Add(0,2/) 
Add{S{x),y) 



S{Add{x,y)). 



/I,eHCTBHTejibHO, cjioJKeHHe jiioGoro nncjia y c nyjieM ji&eT b pesyjibxaxe y, a fl,Jis xoro 
HTo6bi npnGaBHTb x + 1 k y, mojkho bbzhhcjihtb x + y h yBejiHHHXb pesyjibxax na 1. 

MtoGbi npe;];cTaBHTb stot ajiropHTM na hsbikc ceTefl BsanMo^^eflcTBHH, BBe;];eM Tpn 
arenxa, cooTBeTCTByiomHX Add, S* h 0. 



^ 




Tenepb onpejieji'aM npaBHjia BsaHMo^eficTBHH. B nameM cjiyiae, mbi MoaceM xpHBHajib- 
HL.IM oGpasoM oTo6pa3HTb onpe^ejieHHe Add. 




—?■ 




OGpamaeM BKHManne na coxpaneHHe HHTep(|)eHca npn BsaHMo^^eitcTBHH. 

Tenepb paccMoxpHM cexb, cooTBexcTByiomyio BbipajKeHHio Add(5'(0), S'(O)). 




B 9TOM npHMepe BOSMOxcna jinnib o^^na nocjie^^oBaxejibHOCTb pepyKU,mm, xaK KaK na Kaxc- 
flOM mare HMeexca jinnib o^na aKTHBHaa napa. HojiHas nocjie^oBaxejibHocTb pe^yKi^Hii 



noKasana HH>Ke. PesyjibxaxoM Gy^nex cexb, npe^cxaBjiaiomaa BbipajKeHHe S{S{0)). 
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ripeflbiflyinHH npHMep cjihiukom npocx, Hxo6t.i noKasaxb cymecxBeHHbie oco6eHHocxH 
cexefl BsaHMOfleitcxBHa. Bojiee HHxepecHofi 6y;];ex cHcxeMa BsaHMo^^ettcxBHa, peajiHsyio- 
maH onepai];Hio yMHoacennH hhccji: 

Mult (0,1/) = 0; 
Mu\t{S{x),y) = Add{Mn\t{x, y),y). 

Hxo6bi npeflcxaBHXB sxox ajiropnxM, naM noxpeGyexca hobbih arenx Mult nepeMHoace- 
HHa HHceji, npaBHjia BsaHMo^^eflcxBua ^jih Koxoporo cjioxcnee, hcm y arenxa Add, xax 
KaK yMHoaceuHe ne aBjiaexca jiHHeflHOH onepai^Hefl (xaK b cjiynae co cjioaceuHeM). ^Jia 
xoro Hxo6t>i ocxaBaxbca b cooxBexcxBHH c onpe^ejieuHeM npaBHji BsaHMO^eficxBHH, mbi 
flOJiJKHbi coxpaHHXb HHxepcJjefic. Cjie^yiomaa cxeMa HJiJiiocxpHpyex npaBHjia fl^jis Mult. 
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HxoGbi coxpaHHXB HHxep(|)eHc, mbi BocnojitsoBajiHct. yflajiaiomHM e h fly6jiHpyioiri,HM (5 
arenxaMH, Koxopbie Gbijih BBe^^eubi b npHMepe O 

IIocjieflHHH npuMep ^eMOHCxpHpyex ofl^nn hs caMbix BaxcHbix acnexxoB cexefi BsaHMO- 
^eiicxBHH. SaMexHM, hxo ;];y6jiHpoBaHHe aKXHBHbix nap ueBOSMoacHO, nosxoMy BsaHMO- 
^eftcxBHe aKXHBHbix nap nponcxo^^nx jinnib o^naac^bi; nnane Bbinncjienne no cyxn npo- 
h3bo;];hjiocb 6t.i ;];Ba>K^t>i h, cjie^oBaxejibno, Gbijio 6bi HeonxHMajit.nt.iM. ^eflcxBuxejibno, 
nxo6t.i npoflyGjinpoBaxb cexb, 6 ^ojiacen npoBsanMo^encxBOBaxb co bccmh arenxaMH b 
cexH, no ecjiH an/? coeflnnenbi cbohmh rjiaBHbiMH nopxaMn, xo onn ne Moryx BsanMO- 
;];eHCXBOBaxb c 5 n, cxajio 6bixb, ne Moryx 6bixb npo^yGjinpoBanbi. 

HpHBe^eM etu;e o^nn npnMep apH(|)MexHnecKOH onepan,nH. 
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IIpHMep 6. PaccMoxpHM (|)yHKii;Hio, BosBpamaiomylo HaH6ojit.mee h3 ^Byx HHceji: 

Max(0,y) = y; 
Max(x,0) 
Max{S{x),S{y)) 






S(Max{x,y)). 

C ;];aHHt.iM onpe;];ejieHHeM cBasana o^na npoGjieMa: b hcm HcnojibsyioTca o^HOBpeMen- 
Ho o6a apryMCHxa (|)yHKn;HH Max. /],ejio b tom, hto ccjih mbi nonbixaeMCH ;i,eHCTBOBaTb 
aHajTorHHHo ^ByM npe^bi^ymHM npHMepaM onepan,HH na HHCJiax, naM noTpeGyexcH ^Ba 
rjiaBHbix nopxa ^jih arenxa Max, ho 3to neBosMOJKHo b ccthx BsaHMo^eflcTBHsi. TeM ne 
Menee, mbi MoaceM HSMeHHXb onpe^ejieHHe Max, BBe^a HOByio 4)yHKii;Hio Max', htoGbi no- 
jiyHHTt. 3KBHBajieHTHyio cHCTCMy, r^e KajK^aa onepaii,H5i onpeflejiena c HcnojitaoBaHHeM 
TOjiBKO o^Horo apryMCHTa: 

Max{0,y) = y; 
Ma.x{S{x),y) = Max\x,y); 

Max'(a;,0) = S{x); 
Max' {x,S{y)) = S{Max{x,y)). 



HaHHCM c npaBHji BsaHMOfleficTBHa fljia arenxa Max. 
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Tenepb naM ocxaeTCH onpe;];ejiHTb npaBHjia p^Jis Max'. 




-)■ 




-)■ 




HocTpoeHHe ace cHcxeMBi BsaHMOfleiicTBHs, cnocoGnoH bbzhhcjihtb HaHMeHbinee h3 ^Byx 
HaTypajiBHbix HHceji, mbi ocxaBHM HHTaxejiio (cm. naparpa(|) [H]) • 

HpHMep [6] ^aex naM cnoco6 npe^cTaBjiaxb npoH3BOJit.Ht.ie apncJjMeTHHecKHe onepa- 
h;hh. Ha caMOM ^ejie, b cjieflyK)m,eM naparpacjDe mbi yBH^HM, hto jiio6t.ie «HHCTt.ie» (|)yHK- 

H;HH MOJKHO KOMHHJIHpOBaXb B CeXH B3aHMO^eHCTBH3, KOTOpbie CaMH TaKHM o6pa30M OKa- 

3t.iBaioTca CBoeo6pa3Ht.iM yHHBepcajiBHbiM a:3t.iKOM HporpaMMnpoBanna. 



3 HojiHOTa no TbiopHHry 

Mo;];ejib BbiHHCjieHHH nojina no TbiopHHry, ecjiH jiio6aH BbiHHCJiHMaH (|)yHKH;HH Hpe^cxa- 
BHMa B HCH. B cjiynae cexeH B3aHMo;i,eHCTBHH, ^^oKasaxb nojinoxy no TbiopHnry Moxcno, 
Hanpniviep, npe^cxaBHB KOMGnnaxopnyio jiornxy — cncxeMy KOMGnnaxopoB c Koncxanxa- 
MH S a K m ;];ByMH npaBHjiaMH pepyKixR'a, HMeion];yio xy xce Mon^nocxb c xohkh spenna 
BbinncjienHH, nxo n A-ncnncjienne: 



K X y ^ x; 
Sxyz^xz{yz). 

Hxo6t>i npe;];cxaBHXb sxy cncxeMy b cexHX BsanMo^^encxBnn, naM noxpeGyexcH arenx @, 
cooxBexcxByioninn annjinKan,nn, a xaKxce necKOJiBKO arenxoB, npe^cxaBjiaion^nx caMn 
KOM6nnaxopt.i. B nacxnocxn, KOMGnnaxop K Gy^ex npeflcxaBjien ^ByMs arenxaMn Kq h 
Ki CO cjie;];yion];nMn npaBnjiaMn BsanMo^encxBna. 





-)■ 



KoMGnnaxop 5" mojkcx 6t>ixb npe^cxaBjien anajiornnnbiM oGpasoM xpena arenxaMn n 
xpeMH npaBnjiaMn; mbi ocxaBnM sxy sa^any nnxaxejiio b KanecxBe ynpaJKnenns. 

Cexn B3anMo;i;eHCXBn}i ncnojibsyioxcji n ;i;jih peajin3aii;nn A-ncnncjiennn. /I,eHCXBH- 
xejibno, nepBaji peajin3aii;nH onxnMajibnon cxpaxernn fljia A-ncnncjiennn (x. e. cxpaxe- 
rnn, Koxopaa Bbinojinjiex nanMenbinee nncjio /3-pe;i;yKn;nH, neo6xo;i;nMoe ;i;jih ;i;ocxn>Ke- 
nnH nopMajibnoii (|)opML.i xepMa) 4)opMajibno HBjiHjiacb cncxeMoil BsanMo^encxBnji. Cexn 
BsanMOflencxBHS xaxjKe ncnojiBsyioxcH n ;i;jih ;i;pyrnx (neonxnMajibnbix, no b ncKoxopbix 
cjiynaax 6ojiee scJ^cJjeKxnBnbix) peajin3aii;nHX A-ncnncjienna. 

Ha caMOM ^ejie, ecjin mbi orpannnnMca jinnennbiM A-ncnncjienneM, xo naM noxpeGy- 
loxcH xojiBKO ;i;Ba arenxa @ n A, npe;i;cxaBjiHioiii;nx, annjinKaii;nio n a6cxpaKn;nio, cooxbcx- 
cxBenno; iipn sxom pojib nepeMenntix nrpaiox CBHsn. B sxom cjiynae /3-pe^yKii;n}i Gy^ex 
cooxBexcxBOBaxb cjie^yiomeMy npaBHjiy BsanMOflencxBHs. 




-)■ 



HxoGbi npe;i;cxaBnxb nponaBOJibnbie A-xepMt>i, naM npnmjiocb 6l.i BBecxn arenxbi ^jih 
KonnpoBannH n y;i;ajiennH. TaKJKC naM nona;i;o6njincb 6l.i ;i;onojinnxejibnt>ie arenxbi, ko- 
xopbie 6t>i Morjin KonxpojinpoBaxb oGjiacxb fleiicxBnH a6cxpaKii,nH. 



4 Hpe^CTaBJieHHe chhckob 

ynopH;];oHeHHt>ie nocjie^oBaxejibHocTH sjieMenxoB, to ecxb chhckh, mojkho npe;];cTaBHTb 
pasHbiMH cnoco6aMH. B nacTHOCTH, mbi MoxceM nocxpoHTb cnncoK c noMombio Gnnap- 
Horo areHTa Cons, Koxopbifl 6y;];eT coe;i,HHHTb nepRbiil sjieMenx cnncKa c ocxajibHoii ero 
HacTbK). HycTOH >Ke chhcok mojkct 6t>iTb npe^^cxaBjien c noMombio arenxa Nil. ^aHHbiii 
cnocoG cooTBexcTByeT Tpa;];Hn;HOHHOMy onpe^^ejiennio SToii CTpyKxypbi ji&HHhix b (|)yHK- 
ii;HOHajibHt>ix HSbiKax nporpaMMnpoBanHH. Coe;];HHeHHe ;];Byx chhckob, to ecTb onepaii;Hio 
KOHKaxeHai^HH, onpe^ejiHioT cjie;];yioiri;HM o6pa30M: 

Append(Nil, /) = /; 
Append(Cons(x, /), /') = Cons(a;, Append(/, /')). 

/],jiH KOHKaTeHan;HH ^Byx chhckob, onpe^^ejiennbix xaKHM oGpasoM, xpeGyexca BpeM3 
0{n), nponopn;HOHajibHoe j^jimHe n nepBoro h3 chhckob. 

HnxaxejiK) ne cocxaBHx xpy^a npe;];cxaBHXb onpe^ejieHne Bbime b cexax BsaHMo^eii- 
cxBHH c noMomBK) xpex arenxoB Nil, Cons h Append. O^^naKO, ecjin mbi npHMCM bo 
BHHMaHHe xox 4)aKx, Hxo cexH BsaHMo^eflcxBHH npe;];cxaBji3K)x coGoii rpacJDbi h ne 0633a- 
Hbi 6bixb jiepeBhswa, xo nojiyHHM Gojiee scJjcJieKXHBHyio peajiH3an;HK). Hflea 3aKjiK)Haexc5i 
B xoM, Hxo6t>i HMexb CBH3H KaK c Ha^ajioM cnncKa, xax h c ero kohii;om, xo ecxt b hc- 
nojib30BaHHH xaK Ha3t>iBaeMbix pa3HocxHbix CHHCKOB. 3xo MOJKHo cfl^ejiarrh c noMombio 
GnnapHoro arenxa Diff, Koxopbiii 6l.i HMeji cbh3h c ;];ByMH arenxaiviH Cons, cooxBexcxBy- 
ioin;HMH nepBOMy n nocjie^neMy sjieMenxaM cnncKa. 

Hpn 3XOM nycxoH cnncoK Nil Gyflex npeflcxaBjiaxbCH cjie^yromeil cextio. 




HxaK, npe^cxaBHM scJicJieKXHBHyio Bepcnio KOHKaxeHan;HH chhckob c noMombio ^Byx 
npaBHji B3aHMOfleHcxBHH. SaMexHM, Hxo KOHKaxeHan;HH ^Byx chhckob Gy^ex BbinojinaxbCH 

3a 4)HKCHpOBaHHOe BpeMH 0(1) BHe 3aBHCHMOCXH ox HX JXJimHhl. 






HpoHjijiiocTpHpyeM nojiyneHHyio cncxeMy BsaHMo^^eflcTBHH npHMepoM KOHKaxeHai^HH 
^Byx chhckob: BbiHHCJieHHe 6y;];eT coctohtb Bcero h3 ^Byx pepyKu;aR. 




-)■ 
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5 KoM6HHaTopbi BsaHMO^eficTBHa 

IIo^oGho TOMy, KaK K m S b KOM6HHaTopHOH jiorHKe cnoco6Ht.i npe^cxaBHTb jiroGtie 
Bt.iHHCJiHML.ie (|)yHKn;HH, areHTL.1 5, 7 h e nopojK^aioT ynHBepcajibHyio CHCxeMy BsaHMO- 
fleiicTBHa. 3th xpn arenxa noKaaaHbi na pncyHKe [TJ HepBtie ^Ba h3 hhx ocymecxBjiaioT 
MyjiBTHnjieKCHpoBaHHe (t. e. oGi-e^HHeHHe ^Byx cbhsch b o^^ny), a TpexHH — yflajieHHe. 
OKasBiBaexcH, coe^HHHa onpe;];ejieHHL.iM oGpasoM HCKjHOHHxejibHo sth xpn KOMGnnaxopa 
B3aHMo;];eHCXBH3, MOJKHO saMeHHXB Boo6iri;e jiio6yio cext BsanMo^^eftcxBHa. 



Phc. 1: KOM6HHaxopt.i B3aHMo;],eHCXBHH (7, due). 

CncxeMa KOMGnHaxopoB HMeex mecxb npaBHji BsaHMOfleiicxBHH, Koxoptie noKasaHbi 
Ha pHcyHKe El OneBH^^Ho, hxo arenx e Be^ex ce6a xax onepaii;H3 y^ajieHHH, «cx.e;];a3» 
Bce, c HeM OH B3aHMo;];eHCXByex. B cboio onepe^^b, MyjibXHHjieKCHpyioniHe arenxbi jih6o 
aHHHrHjiHpyiox (ecjiH arenxbi coBna^aiox), jih6o ^yGjinpyiox ;];pyr ;];pyra (ecjin ohh paa- 
jiHHHbi). SaMexHM, Hxo B nocjicflHeM npaBHjie BaaHMo^eflcxBHH npaBaa nacxt aBjiaexca 
nycxoft cexBK). 

CncxeMa KOMGnnaxopoB BaaHMo^eiicxBHa ynueepcaAhHa b xom cMbicjie, hxo BHyxpn 
Hee MOJKHO npe^cxaBHXb jiio6yio ^pyryio CHCxeMy BsaHMO^eiicxBHa. BnponeM, HSBecxHti 
xaKJKe H ^pyrne yHHBepcajiBHbie CHCxeMbi B3aHMO/i;eHCXBH5i, xoxa ohh xaK hjih nnane 

CJIOJKHee CHCXeMBI KOM6HHaXOpOB. 




— > 



k k j' ^ k k 



— )■ 



Phc. 2: npaBHjia BsaHMO^encxBHH ^jih KOMGnnaxopoB. 
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6 TeKCTOBaa 3anHCt> h CTpaxerHH 

JJ,jis cexeit BsaHMo^eitcTBHH Bnojine ecxecTBeHHo rpacJ)HHecKoe npe^cxaBjieHHe, h sana- 
cxyio cxeMBi ropaa^o jierne noHaxt, hcm hx xeKcxoBoe onpe^ejieHHe. OflnaKo, (|)opMajit.- 
Haa xeKcxoBaa aanncb HMeex sHanHxejiBHtie npeHMymecxBa: ona ynpomaex HanncaHHe 
nporpaMM, xax KaK rpacjDHHecKHe pe;i,aKxopt.i ne Bcer;];a npHMeHHMbi, a xaxace ;];aex bos- 
MOJKHocxb sa^aBaxb cBoficxBa cexefi Gojiee KpaxKo h sjieranxHo. Bbijih paspaGoxanbi yace 
HecKOJiBKO 4)opM xcKcxoBOH saHHCH jijis cexefi B3aHMo;];eHCXBHa. Hnace mbi npoH;i,eM nyxt. 

ox npHMHXHBHblX, HO H36t.IXOHHL.IX o6o3HaHeHHH K 6ojiee KOMHaKXHOH, HO HexpHBHajIBHOH 

sanHCH, a 3axeM bbc^^cm na ochobc Hocjie^^Hefi HCHHCjieHHe B3aHMo;];eHcxBH5i. 

B KanecxBe npHMepa mbi 6yfleM HCH0jiB30BaxB o^ny h xy >Ke cexb, HOKasaHHyio na 
pHcyHKe [3], HpHMeHHH HpaBHjio B3aHMo^eHcxBH5i H3 HapaxpacJ^a ini Koxopoe cooxBexcxByex 

/3-pe^yKH;HH B JIHHeiiHOM A-HCHHCJieHHH. 

EcxecxBeHHbie o6o3HaHeHHH mojkho HOJiynnxt npocxtiM nepeHHCJieHHeM Bcex arenxoB, 
ynacxByion^Hx b cexH, HCHOJiB3y5i onpe^ejieHHtie corjiamenHsi. HanpHMep, mbi moxjih 6t.i 
;];oroBopHXbCH Bcer;];a HepeHHCjiHXb Hopxbi arenxoB npoxHB HacoBoii cxpejiKH, Hannnaa c 
rjiaBHoro nopxa. CBH3b mojkho 3a^axb, Hcnojib3ya o;];ho h xo jkc hmh ^jih ;];Byx nopxoB. 
Tor;i,a cexb, npe;];cxaBjieHHaH na pncyHKe |3l 6y;],ex Bt.irjia;],exb cjie;];yioiri;HM o6pa30M: 

@(a, b, c), A(a, d, d), \{b, e, e). 

/I,eHcxBHxejit.Ho, 3flect> flBa arenxa A, npe^cxaBjiHiomnx a6cxpaKii;Hio, h o^hh arenx @, 
npeflcxaBjiHiomHH annjiHKaii;HK). SaMexHM, hxo Bxoac^eHHe o^Horo h xoro ace HMeHH ^jia 
^Byx pa3Ht.ix nopxoB oGosnanaex CBa3b Meac^y hhmh; nanpHMep, b 3anHCH A(a, e, e) 
BxojK^eHHe e ^Baacflti o3HaHaex, hxo b cexH HMeexcH cB5i3t. MejK^y ^ByMH ^onojiHHxejit.- 
HBiMH nopxaMH ^aHHoro arenxa A. 

Te ace o6o3HaHeHHa mojkho Hcnojib30Baxb h ;i,jia 3anHCH npaBHji B3aHMOfleHCXBH5i. 
K npHMepy, npaBHjio B3aHMOfleHcxBH5i ^jia /3-pe^yKi],HH b jiHHeflHOM A-HCHHCJieHHH mbi 
MorjiH 6t.i 3anHcaxb KaK 

@(a, b, c), A(a, d, e) — )■ /(6, (i), /(c, e), 

r;i;e chmboji / HcnojiB3yexc3 ^jih npeflcxaBjieHHH CB33eH c HHxep(|)eHCOM cexn (a ne aren- 
xaMH). Cjie^yex o6paxHXB BKHManne, hxo b jieBoit h npaBoii nacxax npaBHjia Hcnojib3y- 
loxcH oflHH H xe ace HMena ^jih nopxoB h cBH3eH, xaK KaK npaBHjia B3aHMOfleHcxBHa no 
onpeflejieHHK) o65i3aHL.i coxpanaxt HHxep(|)eHc cexn. 

Eme o^HH cnoco6 3anHCH 3aKjiK)Haexca b xom, hxoGbi Hcnojib30Baxb nopsflKOBbie ho- 
Mepa nopxoB BMecxo HMen, HanHHaa c fljia rjiaBHoro nopxa. npoH3BOJibnyK) cexb Moacno 
npecxaBHXb b BH^e ynopa^onennon napt.i {A, W), rj^e A — MnoacecxBO Bxo^^Hn^nx b cexb 
arenxoB, a W — MnoacecxBo cBa3eH. 




Pnc. 3: A-xepM, npe^cxaBjienHbiH b BH;:,e cexn. 
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HanpHMep, areHTbi, hs Koxopbix coctoht cexb na pHcyHKe[3l cocxaBjiaioT MHoacecxBo 
A = {@i, Xi, X2}, nosTOMy cexb sanHCbiBaexca cjieflyiomHM oGpasoM: 

({@i, Ai, A2}, {@i.O = Ai.O, @i.l = A2.O, Ai.l = A1.2, A2.I = A2.2}) 

B cBoio oHepe;];L., npaBHjio B3aHMo;],eHCTBH5i ^jia l3-peflyKu;aii 6y;];eT HMeTb brji 

({A„ %}, {A,.0 = %.0}) ^ (0, {A,.l = %.l, A.2 = %.2}). 

HaKOHen;, TpexHit cnocoG sanncH, Koxopbifl oKasbiBaexcH Gojiee xpaxKHM, ocHOBan na 
npe;];cxaBjieHHH aKXHBHbix nap b Bmjie ypaBHeHHfl. B nameM cjiynae npHMep HMeex 4)opMy 

X{a,a) = @{X{b,b),c), 

Tjie 3HaK paBCHcxBa osnanaex cbssb Mexc^^y rjiaBHbiM nopxoM arenxa A b jieBofi nacxn 
ypaBHeHH3 h rjiaBHbiM nopxoM arenxa @ — b npaBofi ero nacxn (x. e. ypaBHCHHe npe^i;- 
cxaBjiHex aKXHBHyio napy A cxi @). JleBaa nacxb ypaBHCHHa A(a,a) osnanaex, hxo 06a 
flonojiHHxejiBHBix nopxa 3xoro arenxa cBsiaaHbi, poBHo xax h b cjiynae X{b, b). 

BocnojibsyeMCH aHajiorHHHbiM oGosHaneHHeM ^jih npaBHji BsaHMO^eitcxBHH, saMeHHB 
3HaK paBCHcxBa Ha «ixi», a Kpyrjibie cko6kh — KBa^paxHtiMH, hxoGbi oxjinnaxB aKXHBHyio 
napy ox peayjibxaxa BsaHMOfleiicxBHH. Tor^a npaBHjio /3-peflyKii;HH npHMex bh^ 

@[x,y] t><X[x,y]. 

By^yHH HpesBbiHailHo cacaxoit (|)opMoii sanncH, BBefleHHbie oGosHaneHHa aKXHBHbix 
nap H npaBHji BsanMo^eiicxBHsi oKasBiBaroxca 6ojiee yfloGHbiMn npn peajiH3an;HH chcxcm 
B3aHMo;];eHCXBH3. Ohh xaK2ce nocjiyjKax ochoboh j^jis ncnncjiennH BsanMo^encxBHa, k 
nocxpoennio Koxoporo mbi cennac nepen^^eM. 

6.1 McHHCJiGHHe BsaHMO^eiicTBHa 

Panee yxce roBopnjioct., hxo cncxeMbi BsanMo^^encxBHH oGjia^arox cbohcxbom chjibhoh 
Kon(|)jiio3nxnocxH, no, KaK n b ^pyrnx cncxeMax, Bbinojinaroninx pe^yKn;Hio, ^jia cncxeM 
BsaHMO^encxBHii cymecxByiox pasjinnnbie onpe^ejienna nopMajiBHbix 4)opM n cxpaxernn 
(nanpHMep, Kor^a roBopax o xaK nasbiBaeMbix «jieHHBL.ix» BbinHCjiennax, nacxo hmciox b 
BH;i,y cjiaGyio nopMajitnyio (|)opMy). Hnace mbi yBH^HM, nxo Hcnncjienne BsanMo^eiicxBHa 
flaex B03M0JKH0CXB xonno onpe^ejiaxb xaxne nonaxna. 

CexH B3aHMo;];eHCXBH3 OKasajiH nanGojibmee Bjinanne na A-ncnncjienne, b KoxopoM 
cxpaxernn nrpaiox Ba>Knyio pojib: xojibko nopMajinsyiontne cxpaxernn xaM rapanxnpyiox 
nojiynenne nopMajibnon (|)opML.i nponsBOjibnoro A-xepMa, ecjin xaKOBaa cyn],ecxByex. 

HanneM c onncanna cnnxaKcnca ncnncjienna BsanMOflencxBHSi. 

AreHTM. Hycxb S — MnoacecxBO cnMBOJiOB a, /3, . . . n Kaac^bin cnMBOJi nMeex apnocmb 
(mbi npe^nojiaraeM najinnne 4)ynKn;nn Ar : Z" — )■ N, B03Bpan];aion];eH apnocxt.). 
BxojK^enne cnMBOJia 6yfleM nasbiBaxt aeenmoM. Apnocxb cnMBOJia cooxBexcxByex 
nncjiy ^onojinnxejibntix nopxoB cooxBexcxByioniero arenxa. 

HMeHa. Hycxt. N — MnoacecxBo nMen x,y,z, . . . , Koxopoe ne nepeccKaexca c S. 
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TepMM. TepMM cxpoHTCJi c noMombio arenxoB h3 Z" h hmch h3 A^ corjiacHO rpaMMaxHKe 

t ::= X \ a{ti,...,tn), 

r^e X E N , a E U Ji Ar{a) = n, npn^eM Kaac^oe hms MOJKex HMexb ne 6ojiee ;];Byx 
Bxo>K;];eHHH B xepM. EcjiH n = 0, xo cko6kh onycxaioxcH. 

EcjiH HMH HMeex ;],Ba BxojK^eHHH, roBopHX, Hxo OHO ce^saHo; b npoxHBHOM cjiynae 
HMH ceo6odHO. CBo6o^Ht>ie HMena Moryx hmcxb jiHinb o;];ho BxoJK^enne, noaxoMy 

XepMbl AUHCUHU B XOM JKC CMblCJie, HXO H XepMbI B JIHHeHHOM A-HCHHCJieHHH. 

nocjie;];oBaxejibHocxb xepMOB ti, . . . ,t„ mbi 6y^eM coKpameHHo oGosnanaxb t. 

TepM BH^a a{t) mojkho npe^cxaBHXb b 4)opMe ;];epeBa: rjiaBHbiH nopx a cjiyjKHX 
KopneM, a xepMbi ti, . . . , t„, b cbohd onepe^^b, nrparox pojib no;mepeBt>eB, Koxopbie 
CBHsaHbi c ;];onojiHHxejibHbiMH nopxaMH arenxa a. Ecjih HMena b'xojxwi ^BaJK^bi, 
xo cooxBexcxByiomHe jihcxbh ^epeBa 6y^yx CBHsanbi ^onojiHHxejibHbiMH jx^tomm. 
SaMexHM, Hxo xepM a;(t) ne mojkcx co;];ep>Kaxb aKXHBHbix nap. 

ypaBHeHHa. Hycxb t n u — neKoxopbie xepMbi. Tor^a HeynopH^^oneHHyio napy t = u 
Gy^eM HasbiBaxb ypaeneHueM. C noMombio A,0, . . . o6o3HaHHM MyjibXHMHOJKecxBa 
(x. e. MHOJKecxBa, ;];onycKaioiri;He MHoroKpaxHoe BxojK^^enne sjieMenxoB) ypaBHeHHfl. 
HpHMepaMH ypaBHeHHH cjiyxcax x = a{t), x = y, a{t) = (3{u). Ohh iiosBOJiax nan 
npe;];cxaBjiHXb cexn c aKXHBHbiMH napaMH. 

IIpaBHJia. IJpaeuAaMU 6y;];eM nasbiBaxb Heynopa^oneHHbie napbi BH^a 

a[ti,...,t„,] xi(3[ui,...,Un\, 

rjie {a, l3) E S X E, m = Ar(Q;), n = Ar(/3), a tj h -Uj — neKoxopbie xepMbi, npn^eM 
KaJK^oe HMH B npaBHjie mojkcx hmcxb xojibko ^Ba bxojk^chhh (cBo6o;];Hbie HMena b 
npaBHjiax sanpemenbi) . Heynopa^o'ieHHaa napa (a,/?) HBjiHexcH aKmuenou napou 
sxoro npaBHjia (ona cooxBexcxByex jieBofi nacxH iipaBUjia BsaHMO^eflcxBHs) . 

Onpe^ejieHHe 7 (nMena, Bxo;];Hiri;He b xepM) . OGosnanHM nepes A/'(t) mhoxcccxbo hmch, 
Bxo^^jimHX B xepM t, Koxopoe onpe^ejiHexcH cjie;];yioiri;HM oGpasoM: 

Af{x) = {x}; 
Af{a{tu . . . tn)) = Ar(ti) U ■ ■ ■ U AfiQ. 

/laHHoe onpe;];ejieHHe xpHBHajibHbiM o6pa30M pacnpocxpanaexcH na npaBHjia h MyjibXH- 
MHOJKecxBa ypaBHeHHH. 

B JI1060M xepMe MOJKHO saMennxt. CBoGo^Hoe Bxo>K;i;eHHe o;];Horo HMenn ppyTRM, ecjiH 
xojiBKO coxpaHJiexcH jiHHeHHOcxb xepMa. 

Onpe^ejieHHe 8 (nepeHMeHOBaHHe) . UepeuMeHoeaHue t[x := y] ecxb peayjibxax saMenbi 
B xepMe t CBo6o;];Horo BxojK^^eHHH hmchh x hobbim hmchcm y. /],aHHa5i OHepaH;HH xpHBH- 
ajiBHbiM o6pa30M paciipocxpaHJiexca na ypaBHeHHH h MyjibXHMHOJKecxBa ypaBHeHHH. 

Tenept o6o6n];HM nepeHMenoBaHHe ;i,o nodcmaHoeKU, Koxopaa saMenajia 6bi CBo6o;];Hoe 
BxayKjieHme HMenn b xepMe ^pyrHM xepMOM, KaK h pansme, coxpaHHH jinneflHoe cbohcxbo. 
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Onpe^ejieHHe 9 (no;];cTaHOBKa) . UodcmaHoeKa t[x := u] ecxb pesyjibxax saMenbi b 
TepMe t CBo6o;i,Horo BxojKfleHHa hmchh x TepMOM u, ecjiH npn xaKofi saMene coxpaHHexcH 

JIHHefiHOCTb TepMOB. 

SaMCTHM, HTO nepcHMeHOBaHHe SBjiaexca nacTHbiM cjiynaeM no;];cTaHOBKH. HpH stom 
no;];cTaHOBKa oGjiaj^aeT cjie;];yioiri;HMH fl^Byus nojiesHbiMH CBoftcTBaMH. 

yTBep:a<;fleHHe 10. IlycTb x ^N'{w). 

1. EcjiH y G Af{u), TO t[x := u][y := w] = t[x := u[y := w]]. 

2. EcjiH y ^Af{u), TO t[x := u][y := w] = t[y := w][x := u]. 

HTaK, ML.I BBejiH ^ocTaTOHHo onpeflejieHHH, o6o3HaHeHHH h cbohctb, htoGbi Tenept. 

paCCMaTpHBaTb CeTH B HCHHCJieHHH BSaHMOfleiiCTBHS. 

Onpe^ejieHHe 11 (KOH(|)Hrypan;HH) . KoHcfimypaVfUn — sto napa c = {TZ, (t \ A)), r^e 
TZ — MHOJKecTBo npaBHji, t — nocjie^oBaTejiBHocTb TepMOB ti, . . . ,t„, a A — MyjibTH- 
MHoacecTBo ypaBHeHHH. Kaac^oe hms MoaceT HMCTt. He 6ojiee flByx BxojK^eHHit b c. Ecjih 
HMa HMeeT o^ho BxojK^enne, to oho nasbiBaeTCH ceo6odHUM; b npoTHBHOM cjiynae oho 
CHHTaeTca censaHHUM. J^Jis npocTOTbi HHor^a 6y^eM onycKaTb TZ, ecjiH h3 KOHTCKCTa 

HOHHTHO, O KaKOM HMCHHO MHOJKeCTBe HpaBHJI B3aHMO;];eHCTBH3 H^^eT peHb. Hh^KC ML.I 

o6l.ihho 6y;];eM oGoananaTb KOH(|)Hrypan;HH xax c hjih c'. IIocjieflOBaTejibHocTb TepMOB t 
Gy^eM HasbiBaTb soAoeou KOH(|)Hrypaii;HH. 

Ho cymecTBy (t | A) npe;i,cTaBjiHeT co6oh ceTt BsaHMOfleficTBHH, KOTopyio mbi mojkcm 
peflyi^HpoBaTb, Hcnojibsya npaBHjia us TZ, a A co;];ep>KHT nepeHMenoBaHHa h aKTHBHbie 
napt.1 B ceTH. CBo6o;];Hbie BxoyKjxeHns hmch h rojiOBa KOH(|)Hrypai];HH BMecTe 4)opMHpyioT 

HHTep(|)eHC ceTH. KaK H B A-HCHHCJieHHH, MBI Gy^eM CHHTaTb paBHblMH KOH(J)HrypaH;HH c 
TOHHOCTBK) ^O ft-KOHBepCHH, T. e. SaMeHBI CBSSaHHBIX HMCH HpH COXpaHeHHH JIHHeHHOrO 

CBOHCTBa. /I,eHCTBHTejibHo, KOH(|)Hrypan;HH, oTjinnaion^Heca jinnib BBiGopoM cBaaanHtix 

HMeH, COOTBCTCTByiOT O^HHM H TCM JKC CeT3M BSaHMO^eHCTBHH. 

HpeoGpasoBaTt. npoHSBOjiBHyio ceTt. BsaHMO^eficTBHa b KOH(|)HrypaH;Hio mojkho, b 
HacTHocTH, cjie^yion^HM choco6om. CnaHajia Bbi^ejiHM b ccth Bce ^epeBba h nanpaBHM hx 
rjiaBHBie nopTbi b o^hom HanpaBjieHHH. Kaac^yio napy ^epeBteB, KOTopbie cBasanbi rjiaB- 
HbiMH nopTaMH, npe;];cTaBHM KaK ypaBHCHHe, a fl^peBhii, hbh rjiaBHbie nopTbi cboGoahbi, 
floGaBHM B rojioBy KOHcJ)Hrypaii;HH. MtoGbi npoHJiJirocTpHpoBaTb TaKoe npeoGpasoBanne, 
HHJKe Mbi npHBo;];HM npocTOH npHMep. 

IIpHMep 12. Onepan;HH cjioxceHHa ^jih HaTypajibHbix HHcexr Gbijia npe^^cTaBjiena b ceTsx 
BsaHMo^eftcTBHa (cm. naparpacj) 12]) c noMombro MHoacecTBa chmbojiob S = {0,>S, Add}, 
Tflfi Ar(0) = 0, Ar(S') = 1, Ar(Add) = 2. Ha cjie^yiomeH cxene noKasana cctb, cootbct- 
CTByiomaa Bbipa>KeHHio 1 + 0, a saTCM mm Bbi^ejiaeM b nett ^Ba ^epeBa h nanpaBjiseM 
HX rjiaBHbiMH nopTaMH bhhs. 

'.0. 





15 



Tenepb necjioacHO nojiyHHTb KOH4)Hrypaii,Hio {x \ Add(0,x) = <S'(0)), rflfi e^HHCTBenHbiii 
nopT HHTepcJ^eflca noMenen x, Koxopbifl mm ^oGaBHjiH b rojioBy KOH(|)Hrypaii;HH. 

06paTHoe npeoGpaaoBaHHe npome: cjie^yex nocxpoHTt. ^epeBba, cooTBexcTByiomHe 
BceM xepMaM b KOH(|)Hrypan;HH, cBaaaxb nopTbi, cooTBexcTByiomHe o^HHaKOBbiM HMenaM, 
H CBHsaxb rjiaBHBie nopTti ^epeBbeB, ynacTByromnx b ypaBHCHHax. 

Onpe^ejieHHe 13 (pe^yKn;Ha). OTHouienne pedyKv^uu «— )■» na KOH(|)Hrypaii;H5ix nopoac- 

^aeTca cjie^^yiomHMH xpeMS npaBHjiaMH. 

BsaHMOfleiicTBHe. Ecjih a[u'i, . . . , u'^] ixi l3[w[, . . . , w'^] G 7?. h HMeexcH KOHcJiHrypai^HH 

C= {t\ a{Ui,...,Um) = P{Wi,...,Wn),A), TO 

C-^ {t \ Ui =u[,. . .,Um = u'miWi =w[,...,Wn = w'^, A) . 

PasfaiMeHOBaHHe. Ecjih x G A/'(n), to 

{t \ X = t, u = w , A) ^ {t \ u[x := t] = w, A). 

CxarHBaHHe. Ecjih x G A/'(t), to 

{t\ X = u,A) -^ {i[x := u]\ A). 

Pe(|)jieKCHBHoe TpansHTHBHoe saMbiKaHHc oTHomeHHH pe^yKn;HH o6o3HaHHM «—>*». 

Pe;i,yKi];H3 b HCHHCjieHHH B3aHMo;];eHCTBH3 ;];eMOHCTpHpyeT (|)aKTHHecKHe saTpaTbi na 
peajiH3an;Hio o^Horo mara BsanMo^^eficTBHa, KOTopbiii, KaK mbi bh^iim, saxjiioHaeTca ne 

TOJIBKO B nOCTpoeHHH CCTH, COOTBCTCTByiOmefl npaBOH HaCTH npaBHJia B3aHMO;];eHCTBH5I, 

HO TaKJKc pasbiMeHOBaHHH H cTsrHBaHHH cBaaefl. To ace caMoe nponcxo^HT h npn pa6oTe 
c rpacjDHHecKHM npeflCTaBjieHHCM ccTeii BsanMo^eflcTBHa, xots o6l.ihho BaanMOfleflcTBHe 
KaJKCTCH aTOMapHoii onepan;iieH. 

IIpHMep 14 (HaTypajiBHbie nucjia). HaTypajibHbie HHCJia h onepai^na cjiojKeHHH Hnxce 
npe;i,CTaBjieHbi fl^Byus pasjiHHHbiMH cnocoGaMH c HcnojibsoBaHHCM HCHHCjieniia BsaHMO- 
^eitcTBHii. riepBbiH 113 HHx — cTaH^apTHoc npe^cTaBjienne, Tor^a KaK BTopofl BapiianT 
3cJ)(|)eKTHBHee, TaK KaK BbinojinaeT cjiojKCHHe ^Byx hhccji aa (|)HKCHpoBaHHoe BpeMa 0(1). 

1. nycTb S = {0,^,Add} npii Ar(0) = 0, Ar(^) = 1, Ar(Add) = 2 h mho^kcctbo 7^ 
co^epjKHT cjieflyK)in,He ^Ba npaBHjia BsaHMo^eiicTBiiii: 

Add[x,S{y)]>^S[Add{x,y)]] 
Add[x,x] CXI 0. 

KaK 6bijio noKasano b npHMcpe dH BbipaaceHiie 1 + cooTBCTCTBycT KOH(|)iirypan;Hii 
(TZ, (a I Add(0,a) = S{0))). O^na us bosmojkhbix nocjie^oBaTenBHocTeii pe^yKi^Hfl 
flji3 9TOH KOH4)Hrypaii,HH BbirjiH^^HT cjic^^yiomHM oGpaaoM: 

(a I Add(0,a) = 5(0)) 

— > (a I = X, a = S{y), = Add(x, y)) 

^* {S{y) \0 = Add{0,y)) 

-^ {S{y) \0 = x,y = x) 

->* (S(0) I 0). 
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2. nycTb E = {S,C,C*, Add}, npn^eM At{S) = 1, Ar(C) = Ar(C*) = Ar(Add) = 2. 
HaxypajibHoe hhcjio npe^cxaBHM b BH^e pasHocxHoro cnncKa arenxoB S, xax, hxo 
arenx C 6y;];ex hmcxb cbhsh c nanajiOM h KOHn;oM xaxoro cnncKa. Tor;];a nyjib 6y;];ex 
cooxBexcxBOBaxb KOHcJanrypai^HH (C(x,x) | 0), a iipoHSBOjibHoe riojiojKHxejiBHoe 
HHCJio n npHMex 4)opMy (C(x,S'"(x)) | 0). 

MnoacecxBo TZ 6y^ex co^epxcaxb cjie;];yioiri;He jxbsl npaBHjia BsaHMo^eflcxBHa: 

C[x,y]t^Add[C*iz,y),Cix,z)]; 
C[x,y]txC*[y,x]. 

HpHBe^eM B KanecxBe npHMepa Bt>ipa>KeHHe m + n, Hxo6t>i noKasaxb, hxo cjiojKeHHe 
BbinojiHaexcji sa BpeMH 0(1) bhc saBHCHMOcxn ox caivmx HHceji m n n: 

{z I Cix,S"^ix)) = AddiCiy,S"iy)),z)) 

^{z\x = x', S"'ix) = y', Ciy, S^iy)) = C*(/, y'),z = C(x', z')) 

^* {C{x,z') I C{y,S-{y)) = C*(/,5™(x))) 

^ {Cix, z') I y = x', S-{y) = y\ z' = y', ^'"(x) = x') 

^* (C(x,/) I S''iS"'ix)) = z') 

-^ (C(x,S'"+"(a;)) I 0). 

HcHHCJieHHe BsaHMo^eHcxBHJi — TbiopHHr-nojiHaH Mo;];ejib BbiHHCjieHHfl. Cxajio 6t>ixb, 
B HCM HMeex Mecxo H npo6jieMa ocxanoBa (x. e. b o6iri;eM cjiynae nejibSH onpe;];ejiHXb, 6y;];ex 
jiH KOHeHHOH nocjie;];oBaxejibHocxb peflyKU,mN) . B cjie;];yioiri;eM npHMepe paccMaxpHBaexcH 
KOH4)Hrypaii;Ha, Koxopaa npHBO^HX k 6ecKOHeHHOH nocjie;];oBaxejibHocxH pe^yKn;HH. 

IIpHMep 15 (6ecKOHeHHbiH li;hkji). PaccMoxpHM KOHcJiHrypai^Hio {x,y \ a{x) = /3{a{y))) 
c npaBHjioM BsaHMO^^eficxBHH a[x] ixi P[P{a{x))]. Tor^a mbi HMeeM nocjie^oBaxejiBHOcxb 
pe^yKn;Hfi, Koxopaa OKastiBaexca GecKoneHHofl: 

{x,y I a{x) = l3{a{y))) 
-^ {x,y \ X = x',a{y) = (5{a{x'))) 
-> {x',y I a{y) = I3{a{x'))) 

OGpaxHM BHHMaHHe, Hxo HCHHCJieHHe BsaHMo^ettcxBHs MOJKex ripe^cxaBjiaxb cHcxeMbi 

BSaHMOfleiiCXBHS C flByMH OrpaHHHeHHSMH. 

Bo-nepBbix, b HCHHCjieHHH BsaHMOfleiicxBHH hcjibsh sanncaxb npaBHjio c aKXHBHofi 
napofi B npaBofi nacxH. BnponeM, sxo orpaHHHeHne He HBjiHexca npoGjieMofi, xax xax 
HecjiojKHo noKasaxb, hxo Kjiacc cHcxeM BsaHMo^^eficxBHH 6e3 aKXHBHbix nap b npaBofi 
nacxH npaBHji HMeex xy >Ke Momnocxb c BbiHHCJiHxejibHoii xohkh speHHJi. 

Bo-Bxopt>ix, jiio6oe npaBHjio 6e3 HHxepcJjefica HensGejKHo HMeex nycxyio cexb b npaBOH 
HacxH. O^HaKO, b ^^ajibHenmeM nac ne 6jpyT HHxepecoBaxb necBHSHbie nacxn cexn, xaK 
KaK pesyjibxax BbiHHCJieHHH onpe;];ejiHexcH xojibko oxHocnxejibHo HHxepcjDefica. 
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6.2 CBoiicTBa HCHHCJieHHa BsaHMO^eiicTBHa 

/I,aHHbiH naparpa(|) nocBamen o6cy>K;];eHHio cbohctb peflyKixan, Koxopaa nopojK^aeTCH 
npaBHjiaMH BsaHMo^eiicTBHa, pasbiMenoBaHHa h cxHrHBaHHa (cm. onpejejieHHe [T3|) . Mt>i 
yjKe paccMaTpHBajiH CBoflcxBa chctcm BsanMo^^eflcTBHa b hx rpa(|)HHecKOH (|)opMe. Bee 
Te >Ke eBoflexBa enpaBe^jiHBbi h ^jih neHHejieHHH BsaHMO^^efieTBUH. 

"yTBep:»cfleHHe 16 (xoHcJijiiosHTHoeTb) . OxHomeHHe peflyKn;HH «— )■» na KOH(|)Hrypaii;Hax 
oGjia^aex eBoflexBOM eHjiBHoit KOH4)jiK)3HXHoexH: eejin c — )■ d h c — )■ e, rp^e due — 
pasjiHHHbie KOH4)Hrypan;HH, xo eymeexByex KOH4)Hrypan;HH c', xaKaa, hxo d — )■ c' h e — )■ c'. 

Hyexb c — KOH(|)Hrypan;HH. EejiH ne eymeexByex KOH(|)Hrypaii,HH c', xaKofi, hxo c — )■ c', 
xo c HasbiBaexea HopMUAbHou (fiopMou. 

Hyexb xenept c — HeKoxopaa KOH(|)Hrypan;HH, a c' — HopMajibnaH (|)opMa. Tor^a 
c I c', eejiH c — )■* c'. Hs eBoflexBa eHJiBHoit KOH(|)jiio3HXHoexH nenoepe^exBeHHo ejie^yex 
e^HHexBeHHoexb HopMajibHoii cJ)opMt.i, eejiH ona eymeexByex: eejin c I d a c I e, to d = e. 

SaMexHM, Hxo npoGjiena oexanoBa (eM. npHMep [T^ BosHHKaex jiHint Hs-aa npaBHjia 
BsaHMo^eitexBHa, ho ne npaBHji paatiMeHOBaHHsi h exarHBaHHH. PasBiMenoBaHHe h exarn- 
BaHHe nopo>K;];aiox xojibko KonenHbie noejie^oBaxejibexH peflyKixmH, xaK KaK ohh Beer;];a 
yMeHbinaiox nnejio ypaBHeHHfl b KOH(|)Hrypan;HH. 

6.3 HopMajiBHbie (JjopMbi h cxpaTerHH 

Xoxa ML.I Heo^HOKpaxHO no^nepKHBajiH eBoiiexBO eHjiBHoii KOH(|)jiio3HXHoexH enexeM Bsa- 
HMOfleflexBHa, b o6meM ejiynae eymeexByiox pasjiHHHBie noejie^oBaxejiBHoexH peflyKn;HH, 
npHBOflsmne k HopMajibHoii 4)opMe, eejiH ona eymeexByex. Bojiee xoro, eymeexByiox h 
flpyrne nonaxHsi HopMajitHbix (|)opM, b naexHoexH ^jih xaK Ha3t.iBaeML.ix «jieHHBL.ix» bbi- 

HHejieHHH. 

Hnace mbi onpeflfijinu Gojiee ejiaGoe nonaxne HopMajibHofi (|)opML.i, Koxopaa aBjiaexeH 
anajioroM tojiobhoh HopMajibHofl (|)opMbi b A-HeHHejieHHH. Hoejie^HHe naexo Henojibsy- 
loxea B peajiH3aii;H5ix 4)yHKii;HOHajii>Ht.ix aatiKOB nporpaMMHpoBaHHsi. 

Onpe^ejieHHe 17 (rojioBHaa HopMajibnaa (|)opMa). KoH4)Hrypaij,H3 (7^, {t \ A)) eext. 
eoAoenasi HopMaAhuasi cfiopMa, eejiH KaJK^bifi ti b t HMeex o^ny h3 ejie^^yiomHX (|)opM. 

• a{s). HanpHMep, {S{x) \ x = 0). 

• X, r^e X G J^{tj) ^jih j ^ i. Hpn sxom eBasb, eooxBexexByiomyio HMeHH x, 6yfleM 
HasbiBaxb oniKpumou. HanpHMep, {x,x \ A). 

• X, eejiH MyjiBXHMHOJKeexBo A cofl^epyKUT ypaBHenne BH^a y = s, r^e s — xepM, npn- 
HeM X G A/'(s) H y G A/'(s). B sxom ejiynae ypaBHenne y = s m eooxBexexByiomyio 
3xoMy ypaBHeHHK) naext eexH nasbiBaiox n^uKAUuecKUM depeeoM. HanpHMep, koh- 
4)Hrypan;HH {x \ y = a{/3{y),x), A) eo^^epacnx n;HKjiHneeKoe ;];epeBo y = a{f3(y),x). 

HnbiMH ejioBaMH, KOH(|)Hrypan;Ha naxo^nxea b rojioBHoit nopMajiBHon cJ)opMe, eejin ee 
rojioBa npe;];exaBji3ex eoGon nnxepcl^ene, KayKflf^R eBoGo^nbin nopx Koxoporo eBHsan jih6o 
e rjiaBHbiM nopxoM, jih6o e ^pyrnM nopxoM sxoro nnxepcJieHea, jih6o e ;];onojiHHxejibHL.iM 
nopxoM, Koxopbiii nnxor^a ne exanex rjiaBHBiM noejie noejie^^OBaxejitnoexn peflyKU,Rm. 
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HpoHjijiiocTpHpyeM noHHTne rojioBHofi HopMajibHofl 4)opMt>i na necKOjibKHX cxeiviax. 
Ha nepBoii — nacxb cexn, cooTBexcTByiomeH KOH4)Hrypaii;HH {a{ti, . . . ,tn) \ ^), Koxopaa 
cocTOHT H3 arcHTa a co cBo6o;];Ht.iM rjiaBHbiM nopxoM h xepMOB ti, cBHsaHHbix c ^onoji- 
HHTejiBHBiMH riopxaMH a. Ha BTopoii cxeMe iioKasana OTKpbiTaji cbhsb (nepes arenx 6). 



{x,6{x,0) I 0) 





Cjie^yiomHe j^Be cxeMbi hbjihiotch npHMepaMH KOHcJjHrypai^HH;, KOTopbie co;],ep>KaT 
ii,HKjiHHecKHe ^epeBba: ypaBHeHHH a{x,(3{y)) = y a 6{S{x),y) = y. 

{x \ a{x,(3{y)) = y) {x \ 5{S{x),y) = y) 





X 




7 He^GTepMHHHpoBaHHbie pacinnpeHHa 

CncTeMBi BsaHMo^eilcTBHH MOJKHo cHHTaxb MojiejihK) pacnpe;];ejieHHt>ix BbinHcjieHHit b 
TOM cMbicjie, HTo npaBHjia BsaHMo^eilcTBHa ripHMeHHMbi b jiio6om nopa^Ke hjih ^axce 
OflHOBpeMeHHo HesaBHCHMo ^pyr ot ;];pyra b jiio6bix nacxax cexn (cHHxpoHH3aii;Ha ripn 
3T0M He xpeGyexcH Gjiaro^apa cBoilcTBy chjibhoh koh(|)jiio3hthocth y pe^yKi^Hn). Ho 
ceTH B3aHMo;];eHCTBHH caMH no ce6e He chocoGhbi Hpe^^cxaBjiHTb He^^exepMHHHpoBaHHbie 

BblHHCJieHHH, KOTOpbie XapaKXepHBI flJIH HapajIJiejIBHBIX BblHHCJIHXejIbHblX CHCXeM. 

BbijiH Hpe;];jio>KeHbi necKOJiBKo pacmnpeHHii noHHXHH o cncxeMax BsaHMo^eiicxBHH, 
Hxo6bi cxajio BosMOJKHbiM Mo^^ejiHpoBaxb BHyxpH HHx He;];exepMHHHpoBaHHi>iH BbiGop. B 
HacxHocxH, Mbi MorjiH 6bi ;];onycxHXb necKOjiBKO npaBHji BsanMo^^eflcxBHH j^jis o;];hoh h 
xoit JKe aKXHBHOH napbi, iipH^eM xaK, Hxo6bi Bt>i6op o^Horo h3 sxhx iipaBHji npoHcxo- 
p;aji npoHSBOJiBHbiM oGpasoM. Ho cexn BsaHMO^^eflcxBHa ne co^epacax BbipasHxejibHBix 
cpe^cxB ^jiH nojiHon;eHHoii Mo^ejin He^exepMHHHpoBaHHbix BbiHHCjieHHfi. 

EcjiH xce o6o6iri;HXb noHaxne arenxa xax, hxoGbi BsaHMO^eficxBHe Morjio HMexb Mecxo 
Ha AByx H 6ojiee nopxax (x. e. ;];onycxHXb arenxbi c necKOjiBKHMH rjiaBHbiMH nopxaMn), xo 
nojiyneHHaa cncxeMa yxce 6y^ex o6jia;];axb HeoGxo^HMOH BbipasHxejibHocxbio. Ha caMOM 
flfijie, ^ocxaxoHHo HMexb Bcero o;];hh arenx c flfiyus rjiaBHbiMH nopxaMH. Oh h 6y;];ex 
npe;];cxaBji3xt> co6oh HeoflH03HaHHt>iH BbiGop. OGbihho xaKofi arenx oGoaHanaexcH Anib. 
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ripaBHjia BsaHMo^^eflcTBHH ^jiH sToro arenxa BbirjiH^^Hx cjie;];yioiri;HM oGpasoM. 




-)■ 





-)■ 




Kor;];a arenx a CBSsan cbohm rjiaBHbiM nopxoM c o^hhm h3 rjiaBHbix nopxoB Amb, 
MOJKex HMexb Mecxo BsanMo^eficxBHe, b pesyjibxaxe Koxoporo a oKasbiBaexcH cBHsaHHbiM 
c 0CH06HUM cBodoji^BiAM nopxoM vfi B HHxep(|)eHce Ha cxopoHe arenxa Amb. Ecjih o6a 
rjiaBHbix nopxa Amb CBHsanbi c rjiaBHbiMH nopxaMH jxpyrvcK. arenxoB, xo Bbi6op o^^Horo 
H3 npaBHji BsaHMO^eficxBHH Bbime He^exepMnnnpoBaH. 

BocnojibsyeMCH arenxoM Amb, hxoGbi npe^cxaBHXb (|)yHKn;Hio «napajiJiejibHoe hjih» 
ParallelOr — axo Heo6biHHaH jiorHHecKasi onepaii;Ha, Koxopaa BosBpamaex «HcxHHy» 
True, ecjiH oj\v[r h3 ee ^Byx apryMenxoB paBen True, npuneM Bue saBHCHMOcxn ox xoro, 
BbiHHCjieH jiH ^pyrofl apryMenx. 

HpHMep 18. OyHKii;Ha ParallelOr j\ojrjKii& neMe^jieHHo BosBpamaxb pesyjibxax True, 
KaK xojiBKo oflHH H3 ee apryMenxoB npuuHji sHaneHue True, j\a.yKe Kor^a ^pyrofi us ee 
apryMenxoB BOBce ue onpe^^ejien. C noMombio arenxa Amb mbi MOJKeM npe;];cxaBHXb sxy 
4)yHKij,Hio B BH^e cexH, H3o6pa>KeHHoil Ha cjie^yioin;eil cxeMe. 




S^ecb Or npe;];cxaBjiHex co6oil o6biHHoe jiornHecKoe «hjih», onpe;];ejiHeMoe cjie;];yioiri;HMH 

flByMH npaBHJiaMH BSaHMO^eflCXBHH. 




T 



Or 



-)■ 




F 



Or 



-)> 



Moflejib BbiHHCJieHHil, cooxBexcxByiomaH cexHM B3aHMo;];eiicxBHH c ;];onojiHHxejibHi>iM 
arenxoM Amb oGjia^aex b onpe^ejienHOM cMbicjie Gojibinefl Momnocxbio, neM oGbiHHbie 
CHCxeMbi BsaHMO^^eficxBHH, nosBOjiHH npe^cxaBHXb He^exepMUHupoBanHbie BbiHucjieuHH 
H napajijiejiBHbie 4)yHKii;HH, xaKue KaK «napajijiejibHoe hjih» ParallelOr. 
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8 ^onojiHHTejibHaa jiHTepaxypa 

OpnrHHajibHaH cxaxba [;2| bbo^ht noHaxHe cexeit BsaHMO^eficTBHa h co^epacHX MHoro 
npHMepoB Hx HcnojibsoBaHHa. Bojitme HH(|)opMan,HH o KOMGnHaxopax BsaHMo^eitcxBHa, 
a xaKJKe ^oKaaaxejitcxBo hx yHHBepcajiBHocxH HHxaxejit mojkcx nojiynnxb b |3]. B |3] 
o6cy>Kflaioxc3 peajiH3aij,HH cexefl BsaHMOfleitcxBHsi. OnncaHHaa Bbime xexcxoBaa sanncb 
fl^jis cexefl B3aHMo;];eflcxBH3 BnepBbie Gbijia BBe^^ena b opHrHHajibHofl cxaxbe |2], b xo 
BpeM3 KaK HCHHCJieHHe, ocHOBaHHoe Ha sxofl HoxaH;HH, oHpe;i,eji3excii b |5]. Taxace [5] 
co^epjKHx ;i,pyrHe HHxepecHbie pesyjitxaxbi o HopMajit>Ht>ix (|)opMax h cxpaxernax. 

9 ynpa:»CHeHHa 

1. B cexax BsaHMo^eflcxBHs, onpe^ejinxB cjieflyiomHe apH(|)MexHHecKHe onepaii;HH j^jis 
HaxypajiBHbix nnceji, npe;];cxaBjieHHt.ix nyjieM h cJ)yHKii;Hefl cjie;];oBaHHa S: 

• npoBepxa na nyjib Zero, Koxopaa npHBo;i,Hx k pesyjibxaxy «HcxHHa» True, ecjiH 
HHCJio paBHo HyjiK) 0, H K pesyjibxaxy «jio>Kb» False — b npoxHBHOM cjiynae; 

• MHHHMyM Min, Koxopaa BbiHHCjiHex HaHMenbinee h3 ^Byx HHceji; 

• 4)aKxopHaji Fact npoHSBOJiBHoro naxypajiBHoro nncjia. 

2. IIocxpoHXb cexb BsaHMO^eflcxBHS, npHBOflsimylo k GecKOHCHHOMy ii;HKjiy. 

3. /],onojiHHXb onpe^ejieHHe chcxcmbi BsaHMO^eflcxBHa ^jia KOMGnHaxopnofl jiorHKH b 
naparpacjie |3l ToHHee, onpe^ejiHxe Ha6opt.i arenxoB h npaBHji, Heo6xo^HMt.ie, hxoGbi 
npe^cxaBHXb KOMGnHaxop S (^ocxaxoHHO xpn arenxa h xpn npaBHjia). 

4. (a) riocxpoHXb cHcxcMy BsaHMo^eflcxBHa ^jih BbiHHCJieHHH jiorHHecKoro «h» And. 

(b) H3o6pa3Hxt. cexB BsanMOfleftcxBHa, npe^cxaBjiaiomyio BtipajKeHHe 

(True And False) And True. 

Ckojibko maroB noxpeGyexca, hxoGbi nojiynnxb HopMajiBHyio 4)opMy? 

(c) Mo;];H(|)Hij,HpoBaxb cncxcMy xax, hxoGbi peayjibxax Gbiji True xor^a h xojibko 
xor;i,a, Kor;];a o6a apryMenxa hmciox o;i,HHaKOBoe SHaHenne (x. e. jih6o o6a True, 
jih6o o6a False). 

5. IIpeflcxaBHXb cJ)yHKn;Hio, Koxopaa, fljia flByx ^anHbix chhckob huh, cxponx chhcok, 
co^epjKamnfl ajieMenxbi h, Hepe^yromneca sjieMenxaMH h- HanpnMep, peayjibxaxoM 
Hepe^oBaHHa chhckob [0,2,4] h [1,3] aBjiaexca chhcok [0,1,2,3,4]. 

6. B HpHMepe fT^ upejicxaBjieHa xcKcxoBaa sanncb HpaBHji j^jis cjio^Kenna hhccji. KaK 
aHajiorHHHBiM oGpaaoM aanncaxt iipaBHjia fl^jis yMHoxceHna nnceji hs naparpacJDa |2p 

7. HoHeMy cexn B3aHMo;];eflcxBHH b hhcxom bh^^c hc Moryx npHMenaxbCH b KanecxBe 

MO^ejIH HexepMHHHpOBaHHblX BBIHHCJieHHfl? 

8. Onpe^ejiHXB 4)yHKn;Hro «napajiJiejit.Hoe h» ParallelAnd c noMombio arenxa Anib. 
cI>yHKn;HH ParallelAnd oxjinnaexca ox oGbinnofl xcm, hxo HeMe^jienno BosBpamaex 
«jio>Kb» False, KaK xojibko o^hh h3 aprynenxoB npHHHMaex snaHenHe False. 
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A OTBGTbl K HeKOTOpbIM ynpaiHCHGHHaM 

4. (a) 
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(b) 06oH;];eMCH Ges Hjijuocxpai^HH. Cexb co^^epjKHx axTHBHyio napy T ixi And, 
KOTopaa nopo>K;];aeT F ixi And. 3to BsanMo^eficTBHe npHBO^HX k cosjx&hrk) 
HOBoro arenxa F n aKTHBHoii napt>i T ixi e. Hepes xpn mara nojiynaeM False. 



Mult[e,0] mO; 
Mn\t[5{x, y),z]t^ S[Mn\t{y, Add(x, z))]. 

7. CexH B3aHMo;];eHCTBHH ;];eTepMHHHpoBaHHL.i no cBoefi cyxn, o6jiap,as cbohctbom xax 
HasbiBaeMOH chjibhoh koh4)jiio9hthocth. Hs 3Toro cBOHCTBa cjie^yex, hto jiioGbie 
nocjie^OBaxejibHOCTH pe^yKn;HH npnBO^HT cexb k o^HOMy n xoMy ace coctohhhk). 
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